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UNIVALENCE AND CONVEXITY IN ONE DIRECTION OF THE
CONVOLUTION OF HARMONIC MAPPINGS
SUMIT NAGPAL AND V. RAVICHANDRAN
Abstract. Let H denote the class of all complex-valued harmonic functions f in the
open unit disk normalized by f(0) = 0 = fz(0)− 1 = fz¯(0), and let A be the subclass of
H consisting of normalized analytic functions. For φ ∈ A, let W−
H
(φ) := {f = h + g¯ ∈
H : h− g = φ} and W+
H
(φ) := {f = h+ g¯ ∈ H : h+ g = φ} be subfamilies of H. In this
paper, we shall determine the conditions under which the harmonic convolution f1 ∗ f2
is univalent and convex in one direction if f1 ∈ W
−
H
(z) and f2 ∈ W
−
H
(φ). A similar
analysis is carried out if f1 ∈ W
−
H
(z) and f2 ∈ W
+
H
(φ). Examples of univalent harmonic
mappings constructed by way of convolution are also presented.
1. Introduction
Let H denote the class of all complex-valued harmonic functions f in the open unit
disk D = {z ∈ C : |z| < 1} normalized by f(0) = 0 = fz(0) − 1 = fz¯(0). Such functions
can be written in the form f = h+ g¯, where
(1) h(z) = z +
∞∑
n=2
anz
n and g(z) =
∞∑
n=2
bnz
n
are analytic in D. The quantity wf = g
′/h′ is called the dilatation of a harmonic mapping
f . A function f ∈ H is sense-preserving in D if the Jacobian Jf = |h
′|2−|g′|2 is positive or
equivalently |g′| < |h′| in D. The dilatation wf of a sense-preserving harmonic mapping
f is analytic and satisfies |wf | < 1 in D. Let S
0
H be the subclass of H consisting of
univalent and sense-preserving functions. The classical family S of normalized analytic
univalent functions is a subclass of S0H . Finally, let K and K
0
H be the subclasses of S and
S0H respectively, mapping D onto a convex domain.
Clunie and Sheil-Small [1] introduced the method of “shear construction” to produce
a harmonic mapping with a specified dilatation onto a domain convex in one direction
by shearing a given conformal mapping along parallel lines. A domain Ω ⊂ C is convex
in the direction of real (resp. imaginary) axis if its intersection with each horizontal
(resp. vertical) line is connected. A function f ∈ H is convex in the direction of real
(resp. imaginary) axis if it maps D onto a domain convex in the direction of real (resp.
imaginary) axis. The shear construction is contained in the following lemma.
Lemma 1.1. [1] A sense-preserving harmonic function f = h + g¯ in D is a univalent
mapping of D convex in the direction of real (resp. imaginary) axis if and only if h − g
1991 Mathematics Subject Classification. Primary 31A05; Secondary 30C45.
Key words and phrases. univalent harmonic mappings; sense-preserving; convex in one direction;
convolution.
1
2 SUMIT NAGPAL AND V. RAVICHANDRAN
(resp. h + g) is a conformal univalent mapping of D convex in the direction of the real
(resp. imaginary) axis.
For analytic functions φ(z) = z +
∑
∞
n=2 anz
n and ψ(z) = z +
∑
∞
n=2Anz
n, their convo-
lution (or Hadamard product) is defined as (φ ∗ ψ)(z) = z +
∑
∞
n=2 anAnz
n, z ∈ D. In the
harmonic case, with f = h+ g¯ and F = H + G¯, their harmonic convolution is defined as
f ∗ F = h ∗H + g ∗G. The right half-plane mapping l(z) = z/(1− z) act as convolution
identity for analytic functions, while the function e(z) = z/(1− z) + z2/(1− z) ∈ H is an
identity under the harmonic convolutions. Note that e 6∈ S0H . Harmonic convolutions are
investigated in [1, 2, 3, 4, 7, 11, 12].
Let A be the subclass of H consisting of normalized analytic functions. For φ ∈ A,
consider the following subfamilies of H:
W−H(φ) := {f = h+ g¯ ∈ H : h− g = φ},
and
W+H(φ) := {f = h+ g¯ ∈ H : h+ g = φ}.
Dorff [2] proved that if f1, f2 ∈ W
+
H(z/(1−z)) and f1, f2, f1∗f2 are all sense-preserving in
D then f1 ∗ f2 ∈ S
0
H and is convex in the direction of real axis. Dorff et al. [3] established
the cases under which the assumption of f1 ∗ f2 to be sense-preserving can be omitted.
In this paper, we shall investigate the convolution properties of the classes W−H(φ) and
W+H(φ), for specific choices of φ.
In Section 2, we shall determine the conditions under which the harmonic convolution
f1 ∗ f2 is univalent and convex in one direction if f1 ∈ W
−
H(z) and f2 ∈ W
−
H(φ). Although
the functions in these classes need not be univalent in D, but it has been shown that
their convolution is univalent in D and convex in the direction of real axis, under certain
milder conditions. It turns out to be a simple, but an effective tool in the construction of
univalent harmonic mappings convex in a given direction.
A similar analysis is carried out in Section 3 to determine the conditions for the har-
monic convolution f1 ∗ f2 to be univalent and convex in the direction of imaginary axis if
f1 ∈ W
−
H(z) and f2 ∈ W
+
H(φ).
2. Univalence and Convexity in the direction of real axis
The first theorem of this section gives a sufficient condition for univalence and convexity
in the direction of real axis of the harmonic convolution f1 ∗ f2 if f1 ∈ W
−
H(z) and
f2 ∈ W
−
H(φ).
Theorem 2.1. Let f1 = h1 + g1 ∈ W
−
H(z) and f2 = h2 + g2 ∈ W
−
H(φ). Then
(i) f1 ∗ f2 ∈ W
−
H(h1 ∗ φ);
(ii) If the analytic function h1 ∗ φ is univalent and convex in the direction of real axis
and
Re
(h1 ∗ h2)
′(z)
(h1 ∗ φ)′(z)
>
1
2
, z ∈ D
then f1 ∗ f2 ∈ S
0
H and is convex in the direction of real axis.
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Proof. Recall that ψ ∗ z = z = z ∗ ψ for any analytic function ψ with ψ′(0) = 1, so we
can write
z = z ∗ (h2 + g2) = (h1 − g1) ∗ (h2 + g2)
= (h1 ∗ h2) + (h1 ∗ g2)− (h2 ∗ g1)− (g1 ∗ g2)
and
(h1 + g1) ∗ φ = (h1 + g1) ∗ (h2 − g2)
= (h1 ∗ h2)− (h1 ∗ g2) + (h2 ∗ g1)− (g1 ∗ g2).
Thus, we obtain
(h1 ∗ h2)− (g1 ∗ g2) =
1
2
[z + (h1 + g1) ∗ φ]
=
1
2
[z + 2(h1 ∗ φ)− z ∗ φ] = h1 ∗ φ,
since h1 − g1 = z. This proves (i).
For the proof of (ii), note that (h1∗h2)−(g1∗g2) is univalent and convex in the direction
of real axis. In order to apply Lemma 1.1 to the function f1 ∗ f2, we need to show that
the dilatation wf1∗f2 = (g1 ∗ g2)
′/(h1 ∗ h2)
′ of f1 ∗ f2 satisfies |wf1∗f2(z)| < 1 for all z ∈ D.
Equivalently, it suffices to show that Re((1 + wf1∗f2)/(1 − wf1∗f2)) > 0 in D. Using the
identity h1 ∗ φ = (h1 ∗ h2)− (g1 ∗ g2), we see that
Re
(
1 + wf1∗f2
1− wf1∗f2
)
= Re
(h1 ∗ h2)
′ + (g1 ∗ g2)
′
(h1 ∗ h2)′ − (g1 ∗ g2)′
= Re
(h1 ∗ h2)
′ + (g1 ∗ g2)
′
(h1 ∗ φ)′
= 2Re
(h1 ∗ h2)
′
(h1 ∗ φ)′
− 1
which is clearly positive, under the hypothesis of the theorem. 
Making use of Theorem 2.1, we will investigate the convolution properties of functions
in the class W−H(z). Taking φ(z) ≡ z, we obtain
Corollary 2.2. Let both f1 = h1 + g1, f2 = h2 + g2 ∈ W
−
H(z). Then
(i) f1 ∗ f2 ∈ W
−
H(z). In particular, the class W
−
H(z) is closed under harmonic convo-
lution;
(ii) If Re(h1 ∗ h2)
′ > 1/2 in D, then f1 ∗ f2 ∈ S
0
H and is convex in the direction of real
axis.
It is easy to see that the range of f ∈ W−H(z) is contained in the horizontal strip
| Imw| < 1. Corollary 2.2 shows that the same is true for the harmonic convolution f1 ∗f2
if f1, f2 ∈ W
−
H(z). Now, we provide some examples to illustrate Corollary 2.2.
Example 2.3. For n = 2, 3, . . ., let pn = un + vn be the harmonic mappings of D with
un = z + z
n/n and vn = z
n/n. Then pn ∈ W
−
H(z) and
pn ∗ pn = un ∗ un + vn ∗ vn = z +
zn
n2
+
zn
n2
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for n = 2, 3, . . .. For z ∈ D, Re(un ∗ un)
′(z) = 1 + Re zn−1/n > 1 − 1/n ≥ 1/2 which
imply that the convolution maps pn ∗ pn (n = 2, 3, . . .) are univalent and convex in the
direction of real axis, by Corollary 2.2. The images of the unit disk under pn and pn ∗ pn
for 2 ≤ n ≤ 4 are shown in Figure 1 as plots of the images of equally spaced radial
segments and concentric circles.
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Figure 1. Images of the functions pn(z) = z + z
n/n + z¯n/n and their
convolutions pn ∗ pn for n = 2, 3, 4.
Note that the mappings pn ∈ W
−
H(z) (n = 2, 3, . . .) are not univalent in D since their
Jacobian Jpn(z) = 1 + 2Re z
n−1 vanishes inside D.
Remark 2.4. The images of the convolution maps pn ∗ pn (see Figure 1) in Example 2.3
suggest that pn∗pn 6∈ K
0
H . Thus, the conclusion of the Corollary 2.2 can’t to strengthened
to f1 ∗ f2 ∈ K
0
H .
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Example 2.5. For k = 1, 2, . . ., let Γk = µk + νk be the shears of the identity map in the
direction of real axis with dilatation wΓk(z) = z
k. Then Γk ∈ W
−
H(z) and
µk(z) = z +
∞∑
n=1
znk+1
nk + 1
, νk(z) =
∞∑
n=1
znk+1
nk + 1
(z ∈ D; k = 1, 2, . . .).
In particular, we have
(2) Γ1 = µ1 + ν1, µ1(z) = − log(1− z), ν1(z) = −z − log(1− z);
and
Γ2 = µ2 + ν2, µ2(z) =
1
2
log
(
1 + z
1− z
)
, ν2(z) = −z +
1
2
log
(
1 + z
1− z
)
.
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Figure 2. Images of the functions Γk and their convolutions Γk ∗ Γk for k = 1, 2, 3.
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To apply Corollary 2.2 for the functions Γk∗Γk, we need to show that Re(µk∗µk)
′ > 1/2
(k = 1, 2, . . .) in D. Note that
(µk ∗ µk)(z) = z +
∞∑
n=1
znk+1
(nk + 1)2
, z ∈ D.
Differentiation with respect to z leads to an expression
z(µk ∗ µk)
′′(z) + (µk ∗ µk)
′(z) = 1 +
∞∑
n=1
znk =
1
1− zk
, z ∈ D.
This shows that
Re(z(µk ∗ µk)
′′(z) + (µk ∗ µk)
′(z)) > 1/2, z ∈ D.
By [13, Theorem 2], it follows that Re(µk ∗ µk)
′ > log 2 ≃ 0.69314 in D. Now, Corollary
2.2 shows that the convolution maps
(Γk ∗ Γk)(z) = z +
∞∑
n=1
znk+1
(nk + 1)2
+
∞∑
n=1
znk+1
(nk + 1)2
(z ∈ D, k = 1, 2, . . .)
are univalent and convex in the direction of real axis. Figure 2 depicts the image domains
Γk(D) and (Γk ∗ Γk)(D) for k = 1, 2, 3.
The next theorem deals with the convolution of Γ1 ∈ W
−
H(z) given by (2) with harmonic
mappings f ∈ W−H(φ).
Theorem 2.6. Let f = h + g ∈ W−H(φ) with Reh(z)/φ(z) > 1/2 for all z ∈ D. If
the analytic function µ1 ∗ φ is univalent and convex in the direction of real axis, then
Γ1 ∗ f ∈ S
0
H and is convex in the direction of real axis, Γ1 = µ1 + ν1 is given by (2).
Proof. Note that z(µ1 ∗ h)
′ = zµ′1 ∗ h = z/(1 − z) ∗ h = h. Similarly, z(µ1 ∗ φ)
′ = φ.
Therefore Re(µ1 ∗ h)
′/(φ ∗ h)′ = Reh/φ > 1/2 in D. The result now follows by applying
Theorem 2.1. 
Example 2.7. Consider the non-univalent harmonic function f = h + g where h(z) =
z(1+z)/(1−z)2 and g(z) = z2(1+z)/(1−z)2. Then f ∈ W−H(φ), φ(z) = z(1+z)/(1−z).
Note that Reh(z)/φ(z) = Re 1/(1 − z) > 1/2 and (µ1 ∗ φ)(z) = −z − 2 log(1 − z) is
univalent and convex in the direction of real axis. By Theorem 2.6, the convolution
(Γ1 ∗ f)(z) =
2z
1− z
+ log(1− z) +
3z − z2
1− z
+ 3 log(1− z), z ∈ D.
is univalent and convex in the direction of real axis (see Figure 3).
In [9], the authors introduced the notion of positive harmonic Alexander operator Λ+H :
H → H defined by
(3) Λ+H [f ](z) =
∫ z
0
h(t)
t
dt+
∫ z
0
g(t)
t
dt, (f = h+ g¯ ∈ H; z ∈ D).
In general, Λ+H [S
0
H ] 6⊂ S
0
H . Since Λ
+
H [f ] = f ∗ Γ1 where Γ1 is given by (2), Theorem 2.6
determines a class of harmonic mappings that is mapped into S0H by the positive harmonic
Alexander operator Λ+H . For specific choices of φ in Theorem 2.6, we obtain the following
corollary.
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Figure 3. Image of the convolution of Γ1 with f(z) = z(1 + z)/(1− z)
2+
z2(1 + z)/(1− z)2.
Corollary 2.8. Suppose that f = h+g ∈ H satisfies one of the following three conditions:
(i) f ∈ W−H(z) and Reh(z)/z > 1/2 (z ∈ D);
(ii) f ∈ W−H(z/(1− z)) and Re(1− z)h(z)/z > 1/2 (z ∈ D);
(iii) f ∈ W−H(z/(1− z)
2) and Re(1− z)2h(z)/z > 1/2 (z ∈ D).
Then Λ+H [f ] ∈ S
0
H and is convex in the direction of real axis.
Suppose that f = h + g ∈ K0H . Then |h(z)| > |g(z)| for all z ∈ D\{0} by [1, Corollary
5.8]. If, in addition, h(z)− g(z) = z then |h(z)| > |h(z)− z| which imply that |h(z)/z| >
|h(z)/z − 1| for all z ∈ D\{0}. This shows that Reh(z)/z > 1/2 for z ∈ D\{0}. The
inequality Reh(z)/z > 1/2 is obviously true if z = 0. Therefore Corollary 2.8(i) gives
Corollary 2.9. If f ∈ W−H(z) ∩ K
0
H then Λ
+
H [f ] ∈ S
0
H and is convex in the direction of
real axis.
Example 2.10. The function f(z) = z + z2/8 + z2/8 ∈ W−H(z) is sense-preserving and
satisfies
∂
∂θ
(
arg
{
∂
∂θ
f(reiθ)
})
> 0, 0 ≤ θ < 2pi, 0 < r < 1.
This shows that f is fully convex in D (see [6, 8]) and hence f ∈ K0H . By Corollary 2.9, the
convolution (Γ1 ∗ f)(z) = z + z
2/16 + z2/16 is univalent in D and convex in the direction
of real axis (see Figure 4).
Corollary 2.11. If f = h + g ∈ W−H(z) with h ∈ K, then Λ
+
H [f ] ∈ S
0
H and is convex in
the direction of real axis.
Proof. Since h ∈ K, Reh(z)/z > 1/2 for z ∈ D by the well-known Marx Strohha¨cker
theorem [5, Theorem 2.6(a), p. 57]. By Corollary 2.8(i), we obtain the desired result. 
Since µ1 ∈ K, Corollary 2.11 directly shows that the convolution Γ1 ∗ Γ1 ∈ S
0
H and is
convex in the direction of real axis, where Γ1 = µ1 + ν1 ∈ W
−
H(z) is given by (2). Parts
(ii) and (iii) of Corollary 2.8 are illustrated by the following examples.
Example 2.12. The harmonic mapping
F (z) = U(z) + V (z), U(z) :=
z − 1
2
z2
(1− z)2
, V (z) :=
1
2
z2
(1− z)2
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(a) f
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(b) Γ1 ∗ f
Figure 4. Images of the function f(z) = z+z2/8+z2/8 and its convolution
with Γ1.
constructed by shearing the conformal mapping l(z) = z/(1−z) in the direction of real axis
with dilatation wF (z) = z, belongs toW
−
H(z/(1−z)) and F (D) = {u+iv : v
2 > −(u+1/4)}
(see Figure 5(a)). Recently, the authors [10] calculated the radius of starlikeness and
convexity of the function F . Note that Re(1 − z)U(z)/z = Re(2 − z)/(2(1 − z)) > 3/4
for all z ∈ D. By Corollary 2.8(ii), the convolution
(Γ1 ∗ F )(z) = Re
z
1− z
− i arg{1− z}, z ∈ D
is univalent and convex in the direction of real axis (see Figure 5(b)).
-2 -1 0 1 2 3
-2
-1
0
1
2
(a) F
-2 -1 0 1 2 3
-2
-1
0
1
2
(b) Γ1 ∗ F
Figure 5. Images of the function F and its convolution with Γ1
Example 2.13. The harmonic Koebe function
K(z) = H(z) +G(z), H(z) :=
z − 1
2
z2 + 1
6
z3
(1− z)3
, G(z) :=
1
2
z2 + 1
6
z3
(1− z)3
,
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Figure 6. Image of the convolution of Γ1 with the harmonic Koebe func-
tion K.
constructed by shearing the Koebe function k(z) = z/(1− z)2 in the direction of real axis
with dilatation wK(z) = z, maps the unit disk D onto the slit-plane C\(−∞,−1/6]. Note
that K ∈ W−H(z/(1 − z)
2) and Re(1− z)2H(z)/z > 1/2 so the convolution
Λ+H [K] = (Γ1 ∗K)(z) =
2
3
z
(1− z)2
+
1
3
i Im
z − 3z2
(1− z)2
−
1
3
log |1− z|, z ∈ D
is univalent and convex in the direction of real axis (see Figure 6) by Corollary 2.8(iii).
Analogous to Theorem 2.1, the last theorem of this section determines the conditions
under which the harmonic convolution f1 ∗ f2 is univalent and convex in one direction if
f1 ∈ W
+
H(z) and f2 ∈ W
+
H(φ). Its proof follows by an easy modification of the proof of
Theorem 2.1.
Theorem 2.14. Let f1 = h1 + g1 ∈ W
+
H(z) and f2 = h2 + g2 ∈ W
+
H(φ). Then f1 ∗ f2 ∈
W−H(h1 ∗ φ). Moreover, if h1 ∗ φ ∈ S and is convex in the direction of real axis with
Re(h1 ∗ h2)
′/(h1 ∗ φ)
′ > 1/2 in D then f1 ∗ f2 ∈ S
0
H and is convex in the direction of real
axis.
3. Univalence and Convexity in the direction of imaginary axis
In this section, we shall investigate the properties of the convolution f1∗f2 if f1 ∈ W
−
H(z)
and f2 ∈ W
+
H(φ).
Theorem 3.1. Let f1 ∈ W
−
H(z) and f2 ∈ W
+
H(φ). Then
(i) f1 ∗ f2 ∈ W
+
H(h1 ∗ φ);
(ii) Further, if the analytic function h1 ∗ φ is univalent and convex in the direction of
imaginary axis and Re(h1 ∗ h2)
′/(h1 ∗ φ)
′ > 1/2 in D, then f1 ∗ f2 ∈ S
0
H and is
convex in the direction of imaginary axis.
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Proof. Adding the two identities
z = (h1 − g1) ∗ (h2 − g2) and (h1 + g1) ∗ φ = (h1 + g1) ∗ (h2 + g2),
we obtain h1 ∗ h2+ g1 ∗ g2 = h1 ∗ φ. This shows that f1 ∗ f2 ∈ W
+
H(h1 ∗ φ). Similar to the
proof of Theorem 2.1, it is easy to see that the condition Re(h1 ∗ h2)
′/(h1 ∗ φ)
′ > 1/2 is
equivalent to |wf1∗f2 | < 1 in D. By applying Lemma 1.1, it follows that f1 ∗f2 is univalent
and convex in the direction of imaginary axis. 
Taking φ(z) ≡ z in Theorem 3.1, we have
Corollary 3.2. Let f1 ∈ W
−
H(z) and f2 ∈ W
+
H(z). Then f1 ∗ f2 ∈ W
+
H(z) and if Re(h1 ∗
h2)
′ > 1/2 in D, then f1 ∗ f2 ∈ S
0
H and is convex in the direction of imaginary axis.
Example 3.3. For n = 2, 3, . . ., let qn = rn + sn be the harmonic mappings of D with
rn = z − z
n/n and sn = z
n/n. Then qn ∈ W
+
H(z) are not univalent in D and
pn ∗ qn = un ∗ rn + vn ∗ sn = z −
zn
n2
+
zn
n2
(n = 2, 3, . . .)
where pn = un + vn ∈ W
−
H(z) are defined in Example 2.3.
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(f) p4 ∗ q4
Figure 7. Images of the functions qn(z) = z − z
n/n + z¯n/n and the con-
volutions pn ∗ qn for n = 2, 3, 4.
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It is easy to see that Re(un∗rn)
′ > 1/2 in D so that the convolutions pn∗qn (n = 2, 3, . . .)
are univalent and convex in the direction of imaginary axis, by Corollary 3.2. The images
of the unit disk under qn and pn ∗ qn are depicted in Figure 7 for n = 2, 3, 4.
Example 3.4. For k = 1, 2, . . ., let Ψk = γk + δk be the shears of the identity map in the
direction of imaginary axis with dilatation wΨk(z) = z
k. Then Ψk ∈ W
+
H(z) and
γk(z) = z +
∞∑
n=1
(−1)n
znk+1
nk + 1
, δk(z) =
∞∑
n=1
(−1)n+1
znk+1
nk + 1
(z ∈ D; k = 1, 2, . . .).
In particular, Ψ1(z) = z + 2i arg{1 + z} and Ψ2(z) = z + 2i Im(arctan z).
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(b) Ψ2
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(c) Ψ3
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(d) Γ1 ∗Ψ1
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(e) Γ2 ∗Ψ2
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(f) Γ3 ∗Ψ3
Figure 8. Images of the functions Ψk and the convolutions Γk ∗Ψk for k = 1, 2, 3.
Considering the convolutions Γk ∗Ψk (k = 1, 2, . . .) where Γk = µk + νk are defined in
Example 2.5, we see that Re(z(µk ∗ γk)
′′(z) + (µk ∗ γk)
′(z)) = Re 1/(1 + zk) > 1/2, for
z ∈ D, which imply that Re(µk ∗ γk)
′ > log 2 by [13, Theorem 2]. By Corollary 3.2, it
follows that the convolutions
(Γk ∗Ψk)(z) = z +
∞∑
n=1
(−1)n
znk+1
(nk + 1)2
+
∞∑
n=1
(−1)n+1
znk+1
(nk + 1)2
(z ∈ D, k = 1, 2, . . .)
are univalent and convex in the direction of imaginary axis (see Figure 8).
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On taking f1 ≡ Γ1 in Theorem 3.1 where Γ1 ∈ W
−
H(z) is given by (2), we obtain the
following corollary. Its proof being similar to the proof of Theorem 2.6 is omitted.
Corollary 3.5. Let f = h + g ∈ W+H(φ) with Reh(z)/φ(z) > 1/2 for all z ∈ D. If
the analytic function µ1 ∗ φ is univalent and convex in the direction of imaginary axis,
then Λ+H [f ] ∈ S
0
H and is convex in the direction of imaginary axis, Λ
+
H being the positive
harmonic Alexander operator defined by (3).
Next, we provide some examples that illustrate Corollary 3.5 for specific choices of φ.
Example 3.6. Consider a non-univalent harmonic function f = h+ g where h(z) = z/(1−
z2)2 and g(z) = z3/(1 − z2)2, belonging to the class W+H(φ), φ(z) = z(1 + z
2)/(1 − z2)2.
Note that Reh(z)/φ(z) = Re 1/(1 + z2) > 1/2 and (µ1 ∗ φ)(z) = z/(1 − z
2) is univalent
and convex in the direction of imaginary axis. By Corollary 3.5, the convolution
(Γ1 ∗ f)(z) = Re
z
1− z2
+
1
2
i arg
(
1 + z
1− z
)
, z ∈ D
is univalent and convex in the direction of imaginary axis (see Figure 9).
-3 -2 -1 0 1 2 3
-2
-1
0
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2
Figure 9. Image of the convolution of Γ1 with f(z) = z/(1− z
2)2 + z3/(1− z2)2.
Example 3.7. The harmonic half-plane mapping L = U − V , U and V are defined in
Example 2.12, belongs to W+H(z/(1 − z)) and satisfies the hypothesis of Corollary 3.5.
Therefore the mapping
Λ+H [L](z) = − log |1− z| + i Im
z
1− z
, z ∈ D
is univalent and convex in the direction of imaginary axis (see Figure 10).
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Figure 10. Image of the convolution of Γ1 with the harmonic half-plane
mapping L.
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